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Abstract 

Let M be the moduli space of stable bundles of rank 2 and with fixed 
determinant C of degree d on a smooth projective curve C of genus g > 2. 
When g = 3 and d is even, we prove, for any point [W] G M, there is a 
minimal rational curve passing through [W], which is not a Hecke curve. This 
complements a theorem of Xiaotao Sun. 


1 Introduction 

Let C be a smooth projective curve of genus g > 2 and C a line bundle on C of 
degree d. Let M := SUc{r, C) be the moduli space of stable vector bundles of rank 
r and with the hxed determinant £, which is a smooth quasi-projective Fano-variety 
with Pic{M) = Z - 0 and —Km = 2(r, d)©, where 0 is an ample divisor([8] [1]). For 
any rational curve 0 : —)■ M, we can dehne its degree deg0*(—77^) with respect 

to the ample anti-canonical line bundle —Km- 

In [9], Xiaotao Sun determines all the rational curves of minimal degree passing 
through a generic point of M except in the case oi g = 3, r = 2 and d is even. 

Theorem 1.1. (Theorem 1 of J^) If g > 3, then any rational curve 0 : P^ —)■ M 
passing through the generic point has degree at least 2r. It has degree 2r if and only 
if it is a Hecke curve unless g = 3, r = 2, and d is even. 

It implies that all the rational curves of {—KM)-degTee smaller than 2r, called 
small rational curves, must he in a proper closed subset( |3], |1]). In this note, we 
remark that the condition in Sun’s Theorem is necessary: 

Theorem 1.2. If g = 3, r = 2 and d is even, then, for any point [W] G M, there 
exists a rational curve of degree 4 passing through it, which is not a Hecke curve. 

Recall that, by Lemma 2.1 of [9], any rational curve 0 : P^ —)■ M is dehned by a 
vector bundle E on f : X = C x ^ C. If F is semi-stable on generic fiber 
according to the arguments of [9], there is a hnite set S' C U of points 
and a vector bundle V on C such that E is suited in the exact sequence 

0 f*V —)■ F —)■ Qp 0 

pes 

where Qp is a vector bundle on Xp = {p} x P^. The curves dehned by such E was 
called of Hecke type in [10] (since a Hecke curve by dehnition is dehned by a vector 
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bundle E suited in 0 —)■ f*V C>Xp(—1) —>■ 0). If E is not semi-stable on 

generic fiber (curves defined by such E was called of split type in [10]) and 
the curve has minimal degree (i.e. a line), then E must suite in 

0 ^ PVi ® 7r*C»pi(l) -^E^ f*V2 0 

where vr : X —)■ is the projection and Vi, V 2 are stable vector bundles on C of 

rank ri, r 2 and degree di, d 2 satisfying rid — rdi = (r, d). 

The rational curves we constructed in Theorem 11.21 are of split type (thus they 
are not Hecke curves). We in fact have a more general result. Let M = SUc{‘2, C) be 
the moduli space of rank two stable bundles with fixed determinant £ on a smooth 
projective curve C of genus g > 3. Let Mg C M be the locus of stable bundles 
[W] G M with Segre invariant s{W) = s. Then we have 

Theorem 1.3. When d is even, for any [W] G M 2 , there is a rational curve of split 
type passing through it, which has degree 4. If d is odd, for any [W] G Mi, there is 
a rational curve of split type passing through it, which has degree 2. 

When g = 3 and d is even, we have M 2 = M (see Lemma 3.1). Thus Theorem 
ll.2l is a corollary of Theorem 1.3. 

2 Rational curves of split type 

Let C be a smooth irreducible projective curve with genus g >2 over an algebraically 
closed field, IT be a stable bundle of rank r and with determinant C over C. If there 
is a stable subbundle Vi of W such that 


rid — dir = (r, d), (1) 

where ri = rankVi, di = degW and d = deglT. Let V 2 := VjVi be the quotient 
bundle, then W fits a non-trivial extension 

O^Vi^W ^V2^0. (2) 

It is known that there is a family of vector bundles {£p}pgp on C parametrized 
by P = FExt^(y 2 ,Vi) so that for each p E P, the Sp is isomorphic to the bundle 
obtained as the extension of V 2 by Vi given by p ( see Lemma 2.3 of [8] ). Let I be 
a line in P = FExt^{V 2 , Vi) passing through the point po, where po is the point in 
P given by (12|). If it happens that Sp is stable for each p El, then 

will define a rational curve of degree 2(r, d) (with respect to —Km) passing through 
[W] G SUc{r,C) (i, a). Such a rational curve in SUc{r,C) will be called a 

rational curve of split type. 

It is known that an extension 0—)-P—?-lT -E E —)-0, where E,W,E are 
vector bundles on C, gives rise to an element S{W) E H^{C, Hom{E, E)) which is 
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the image of the identity homomorphism in H^{C, Hom{F, F)) by the connecting 
homomorphism H^{C, Hom{F, F)) —)■ H^{C, Hom{F, E)). This gives a one-one 
correspondence between the set of equivalent classes of extensions of F by and 
H\C,Hom{F,E)) ([ 8 ]). 

Lemma 2.1. Let d be an even number, and 0 — )■ Li ^ IT — )• L 2 —)■ 0 6e any 
non-trivial extension of L 2 by Li, where Li ( resp. L 2 ) is a line bundle of degree 
I — 1 resp. ^ + 1 ). Then 

(i) W is semi-stable; 

(a) W is non-stable if and only if the element 5{W) G ® Li) corre¬ 

sponding to W is in the kernel of the map 

H\C, (8 Li) ^ H\C, 0 Li 0 L^), 
for some x G C. In this case , W is S-eguivalent to L 2 0 L~^ ® Li® L^- 
Proof, (i) See Lemma 2.2 in [1] and |5]. 

(ii) Let L' be a line bundle of degree Then, since iL°(C', Hom(L', Li)) = 0, it 

is easy to see that H^{C, Hom(L', W)) 7 ^ 0 if and only if L' is of the form L 2 0 L~^ 
for some x G C* and the natural map L 2 0 L~^ —)■ L 2 can be lifted into a map 
L 2 0 Lj, ^ ^ W. 

Consider the commutative diagram of vector bundles 

0^Hom{L2,Li) - > Hom{L2,W) - V iLom(L2, L 2 ) —)■ 0 


0 ^ Hom{L2 ® , Li) - > Hom{L2® ,W) - > iLom(L 2 0 L 2 ) —)■ 0, 

where the horizontal sequences are exact and the vertical maps ar induced by the 
natural map L2 0 L~^ —)■ L2 . From this we deduce the commutative diagram 

0^ H°{C,Hom(L2,W)) -!■ [C, Hom(L2, L2)) -!• H^{C, Hom{L2, Li)) ^ ■ 


0 ^H°{C,Hom{L 2 (S)L-^,W)) -^ [C, Hom(L2 ® Lp, L2)) -s- H^{C,Hom(L2 ® Lp,Li)) ^ ■ 

Which implies the lemma. □ 

Remark 2.2. Lemma, \2P\ (ii) asserts that the non-stable bundles in PH^{Lf^ 0 Li) 
corresponds precisely to the image of C in PH^{Lf^ 0 Li) under the map given by 
the linear system K 0 Lf^ 0 L 2 . Which implies that the dimension of the subset of 
non-stable bundles in PH^{Lf^ 0 Li) is at most 1. 

3 The Proof of Theorem 1.3 

Let C* be a smooth irreducible curve over an algebraically closed held of characteristic 
zero, W a vector bundle of rank 2 over C, set 

m{W) := max{deg(L)|L C IF is a sub line bundle of IF}, (3) 
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where the maximum is taken over all sub line bundles L of W. A sub line bundle L 
of W of maximal degree m{W) is called a maximal sub line bundle. 

The Segre invariant is dehned by 

s(lT) := deg(lT) - 2m{W). (4) 

Note that s{W) = deg(lT) (mod 2) and that W is stable ( resp. semi-stable ) if and 
only if s(W) > 1 ( resp. s{W) > 0 ). Nagata proved in [B] that 

s(VT) < g. 

Lemma 3.1. If g = 3, then, for any stable bundle W over C of rank 2 and with 
even degree d, we have s(W) = 2. 

Proof. Since W is stable, we have 1 < s(lV) and s(hh) < S' = 3 by Nagata’s Theorem 
( 0 )- At the same time, since d is even , it is easy to see that s(lT) = 0 mod 2 by 
the dehnition. Thus we must have s(lT) = 2. □ 

In general, the function s : M —> Z dehned by [W] i —> s{W) is lower semicon- 
tinuous and this gives a stratihcation of M into locally closed subsets according 
to the value of s. Then, by Proposition 3.1 in [2], we have 

Proposition 3.2. (f^) Suppose I < s < g — 2 and s = d{ mod 2). Then Mg is an 
irreducible algebraic variety of dimension 2g+s-2. 

The proof of Theorem 1.3 follows the following two propositions. 

Proposition 3.3. Suppose g >3, r = 2, d is even and M 2 is non-empty. Then, for 
any [W] G M 2 , there is a rational curve of split type passing through it, which has 
degree 4. 

Proof. For any [W] G M 2 , there is a sub line bundle Li of W with degLi = | — 1, 
where d = deg£. Let L 2 := W/Li be the quotient bundle, which has degree | + 1- 
It is easy to see that 

1 X d - (^ - 1) X 2 = 2 = (2,d). 

Let i \ Li ^ W he the natural injection, then 

0 -)■ Li —^ IV -)■ L 2 -)■ 0 

is a non-trivial extension (otherwise, we have W = Li ® L 2 , which contradicts to 
the stability of IF). 

It is known that there is a family of vector bundles 8 on C parametrized by 
P(Li,L 2 ) = PExV{L 2 , Li) so that for each p G P{Li,L 2 )^ the 8p is isomorphic to the 
bundle obtained as the extension of L 2 by Li given by p ( see Lemma 2.3 of [8] ). 
More precisely, there is a universal extension 

0 ^ rzi ® ^8^ rL2 ^ 0 (5) 
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on C X P(Li,l2), where f : C x P(LiM) ^ tt : C x P(LuL 2 ) P{LiM) are 
projections. Then is a family of semi-stable bundles of rank r and with hxed 
determinant det(Li) (g) det(L 2 ) = C ( Lemma l2.ip . Thus, the universal extension 
(l5l) dehnes a morphism 

'■ P{Li,L2) —^ Uc{‘^,P), ( 6 ) 

where 17c(2, P) denotes the moduli space of semi-stable bundles of rank 2 and with 
hxed determinant £, which is a projective closure of M. 

It is easy to see that P^l^m) a projective space of dimension g >3. By Lemma 
12.11 and Remark [2.21 there is a line I in P{Li,L 2 ) passing through 

g = [0 -)■ Li —^ W -)■ 7.2 -1 0] 

such that £p is stable for each p E 1. Thus, ${Li,l2)(0 C M = SUc{2, C) and 

^^l„L2)\i-P^M = SUc{2,C) ( 7 ) 

is a rational curve of split type passing through the point \W] G M. □ 

Proposition 3.4. Suppose g >2, r = 2, d is odd and Mi is non-empty. Then, for 
any [W] G Mi, there is a rational curve of split type passing through it, which has 
degree 2 . 

Proof. Let [hh] be a point in Mi, then we have s(lT) = 1 and there is a sub line 
bundle Li of W with degLi = where d = deg£. Let L 2 := W/Li, which is a 
line bundle of degree It is easy to see that 

1 X d - X 2 = 1 = (2,d). 

Let L : Li ^ W he the natural injection, then 

0 -)■ Li —^ W -)■ L 2 -)■ 0 

is a non-trivial extension because IT is a stable bundle. 

It is known that there’s a family of vector bundles S on C parametrized by 
P{Li,L 2 ) = PExP{L 2 , Li) so that for each p G P{Li,L 2 )^ the £p is isomorphic to the 
bundle obtained as the extension of L 2 by Li given by p ( see Lemma 2.3 of [8] 
). By Lemma 3.1 of |9], is a family of stable bundles of rank 2 and with hxed 
determinant det(Li) (g) det(L 2 ) — P, which dehnes a morphism 

'^RiT 2 ) ■ P{LiM) —^ SUc{2,C) = M. (8) 

Let I be a line in P^LiM) passing through 

g = [0 -)■ Li —^ W -)■ L 2 -)■ 0], 

then 

'i'iL,,L2)irP^M = SPc(2,P) (9) 

is a rational curve of split type passing through the point [IT] G M, which has 
degree 2 . □ 
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When g = 2, the same as Lemma [3.11 we have: 

Lemma 3.5. If g = 2, r = 2 and d is odd, for any [W] G M, s{W) = 1. 

By Lemma 13.51 and Proposition 13.41 we have: 

Proposition 3.6. If g = 2, r = 2 and d is odd, then, for any [W] G M, there exist 
a rational curve of split type passing through it, which has degree 2. 
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